Results on the resummation of non-power-series expansions of the Adler function of a scalar, D S , and a vector, D V , correlator are presented within fractional analytic perturbation theory (FAPT). The first observable can be used to determine the decay width Γ H→bb of a scalar Higgs boson to a bottom-antibottom pair, while the second one is relevant for the e + e − annihilation cross section. The obtained estimates are compared with those from fixed-order (FOPT) and contour-improved perturbation theory (CIPT), working out the differences. We prove that although FAPT and CIPT are conceptually different, they yield identical results. The convergence properties of these expansions are discussed and predictions are extracted for the resummed series of R S and D V using one-and two-loop coupling running, and making use of appropriate generating functions for the coefficients of the perturbative series.
I. INTRODUCTION
Then, in Sec. V, we turn to another application of the proposed resummation technique and consider the Adler function of a vector correlator, pertaining to R e + e − →hadrons . Finally, Sec. VI contains our concluding remarks, while some important technical derivations are given in five Appendices.
II. FOPT, CIPT AND FAPT
A. Two-point correlator of scalar/vector currents As mentioned in the Introduction, the initial motivation to invent new QCD couplings was the desire to interrelate the Adler D-function,
calculable in the Euclidean domain, and the quantity R e + e − = σ(e + e − → hadrons) σ(e + e − → µ + µ − ) , R(s, µ 2 )
which is measured in the Minkowski region. Both quantities are considered in standard QCD perturbation theory, demanding that the couplings entering them satisfy the renormalizationgroup equation. To facilitate direct comparison of our results further below with the higherorder calculations in standard perturbation theory, in particular Refs. [32] [33] [34] , we use here the variable a s ≡ α s /π. Thus, the beta-function coefficients of this coupling are defined by 
where β n = b n /4 n+1 and the coefficients b n are specified in Appendix D. The functions D and R can be related to each other via the following dispersion relations without any reference to perturbation theory (4) where for the first term in Eq. (4), the integration contour Γ 1 around the cut (solid red line) is shown in Fig. 1 . However, employing a perturbative expansion on the LHS of Eqs.
(1) and (2) , one obtains, in fact, a relation between the powers of ln(s/µ 2 ) and ln(Q 2 /µ 2 ) in the coefficients r m (s, µ 2 ) and d n (Q 2 , µ 2 ), while the powers of the couplings a s (µ 2 ) reveal themselves as parameters.
B. Fixed-order perturbation theory
For the fixed order-n perturbation theory (abbreviated as FOPT), one can start from Eq. To further utilize the FOPT approach, it is useful to consider the relation between the coefficients r m and d k in more detail. The goal is to express the coefficients r m in (5) in terms of the calculable coefficients d n in Eq. (1), i.e., to write r m = T mk d k , where summation over k = 1, . . . , m is implied. The matrix T mk is triangular with unity elements on its diagonalsee Table I . In the horizontal direction, i.e., along the rows of this Table, we include all coefficients d i up to the coefficient d 5 , the latter not calculated yet, but due to be estimated within our approach later in connection with specific applications-Secs. IV and V).
The elements, proportional to β m 0 , which originate from the one-loop evolution procedure, have the following general form d n a n s 4 n m=0 (n − 1 + 2m)! (n − 1)! (2m)! (−1) m (a s π β 0 ) 2m 2m + 1 (6) and can be obtained for any fixed order n of the expansion by the procedure described in Appendix A. The other β i -coefficients-related to higher loops-have been color-printed below using the same color assignments as in Table I .
To get acquaintance with the use of this Table, we write out explicitly the relation between a This expression for r 5 was also obtained in Refs. [35, 36] . 
D. Fractional analytic perturbation theory
Inspection of Table I suggests to consider the sum of the elements of each of its columns as defining a new coupling. For instance, the first column, associated with d 1 , gives rise to the coupling A 1 , while the second column pertains to the coupling A 2 , and so on. In this way, one becomes able to introduce a non-power -series expansion in Minkowski space. This is, actually, just another way to define the Analytic Perturbation Theory [1, 4, 13] , and its extension-Fractional Analytic Perturbation Theory [20, 22] (see also [14, 21] and [24, 27] for reviews). The basis of (F)APT is provided by the following linear operations which define analytic images of the normalized coupling a = a s b 0 /4 and its powers in the Euclidean and the Minkowski space, respectively:
where
] is the spectral density. The set of the couplings {A ν , A ν } satisfy the dispersion relations Eq. (4) and fulfill the constraintRD = 1l. Applying the operation A M on the RHS of the last expression in Eq. (1), one obtains R in APT:
The reader should note here that the expansion coefficients d n differ from those in Eq. (1) and are defined as followsd
The prefactors (4/b 0 ) n above-and analogously in Eq. (14) below-serve to connect this analysis to our standard definitions of the analytic couplings A ν and A ν in Refs. [20, 22] . Hence, according to Eqs. (11)- (12), one may associate the evaluation of R within (F)APT with the integration contour Γ 3 in Fig. 1 .
Consider now how the (F)APT result R APT in Eq. (12) correlates with the elements of Table I . One appreciates that every termd m A m of the series appears as an infinite sum of the elements along the corresponding matrix column in this table. The series is convergent and includes all so-called "kinematical terms", as we discussed at length in [22] . One can verify this by considering the expansion of the first few elementsd m A m in Eq. (14) and then compare the results with the content of the corresponding column in Table I . A further advantage of Eq. (14) is that one can use it to derive expression (6) in a more direct way, namely, as an expansion of the one-loop Minkowski analytic couplings A n in powers of the variable a s -terms printed in black color in Eq. (14) . The analogous terms for higher loops can be found in Appendix C of Ref. [22] . Thus, we obtain (with the same coloring assignments as in Sec. II B)
The main conclusion from the above exposition is that, depending on the particular scheme of the perturbative expansion used, the elements of Table I may be summed in different ways  (see Table II ). Specifically, (i) FOPT gives the sum of a finite number of terms along some row to create r m , and then-following Eq. (5)-it sums the results up to n to yield R n , i.e.,
(ii) (F)APT takes into account each infinite column as a whole in the form of the expansion d m A m , thus including this way all "kinematical terms" by construction, and then sums a number of A m terms into R APT n in the form given by expression (12) .
It is evident that for any fixed order n, the results for R n and R APT n cannot coincide. Nevertheless, it was shown in [22] that calculating the decay width of a Higgs boson into a bb pair using CIPT, leads to the same result one would obtain for R using FAPT with one-loop running of the coupling. This coincidence turns out to be not accidental but to hold at any loop order of the perturbative expansion by virtue of the dispersion relation given in Eq. (11), as we will prove next. 
Perturbative scheme Contours
The coefficients d n andd n in CIPT and (F)APT differ by trivial factors, see Eq. (13), due to the different normalization of the couplings A n and A n .
E. Fixed flavor number vs. global FAPT
We commence our analysis within FAPT by recalling the salient features of the analytic approach to QCD perturbation theory, expanding our remarks given in Section II D. In order to have a direct connection to our previous papers on the subject [20] [21] [22] , and to simplify the main formulae in those sections where we consider fixed-order (F)APT with a constant value of active flavors N f , we use here the normalized coupling of perturbative QCD (pQCD) [28] 
where b 0 (N f ) denotes the first coefficient of the QCD β function. Analytic images of the normalized coupling and its powers are constructed by means of the linear operations A E and A M according to (11) using the spectral density
To be in line with the above definitions, we also introduce analogous expressions for the fixed-N f quantities with standard normalization, i.e.,
which correspond to the analytic couplings A ν and A ν in the Shirkov-Solovtsov terminology [13] . These couplings have dispersive representations of the type (11) with spectral densities
For the sake of simplicity we will omit to display N f (and other evident arguments) explicitly. In the present analysis we express all variables in terms of L = ln(Q 2 /Λ 2 ) (Euclidean space) or L = ln(s/Λ 2 ) (Minkowski space), using the notation defined above, but with an argument placed in square brackets:
. Then, in the one-loop approximation (labeled by the superscript (1)), we have
On the other hand, when we will discuss the global version of (F)APT, where Q 2 (or s) varies in the whole ("global") domain [0, ∞), and N f effectively becomes dependent on Q 2 (or s), we will use in Eq. (11) the global version of the spectral density that takes into account threshold effects and is, therefore, N f -dependent.
In order to make the effect of crossing a heavy-quark threshold more plausible, consider a single threshold at σ = m 
with (17)] into Eq. (11), we get continuous expressions for the analytic couplings in both domains of the complex Q 2 space. In the Minkowski region, the global analytic coupling reads 
is artificially enhanced by a factor of 1.5 to make it more visible. whereas its Euclidean counterpart assumes the form (referring for more details to [27, 29] 
To demonstrate the magnitude of the threshold corrections, we show in Fig. 3 
these deviations vary from −20% for large values of −L ≈ 10, going through zero in the vicinity of L ≈ −5, and then increase up to the value +20% for L ≈ 0, tending, finally, to 0 as L → ∞. This means that these deviations reach the level of 10% in the region of several tens of GeV 2 .
F. Relation between CIPT and (F)APT
To establish the equivalence between FAPT and CIPT, we consider a more general expansion than Eq. (1) which contains the coupling with a non-integer power that can be related to an anomalous dimension. Such a quantity reads
where ν is not an integer number. Symbolically, we have the following equivalence
referring for the integration contours to Fig. 1 . To establish the equivalence between FAPT and CIPT in the above relation, we employ the chain of the equalities
where in the last step the integral has to be evaluated along the contour Γ 3 . On the other hand, the CIPT part of Eq. (21) can be identically rewritten as
Therefore, we have to prove that
To this end, we close the contour Γ 3 along the large circle Γ 4 with radius R that tends to ∞, and take into account the closed composed contour Γ 234 = Γ 2 ∪ Γ 3 ∪ Γ 4 (see Fig. 1 ). The integral I(Γ 234 ),
along the closed contour Γ 234 is equal to the sum of the residues inside the enclosed region. Provided the radius s of the contour Γ 2 is large enough, no poles from a(σ) owing to perturbation theory are inside the contour Γ 234 . As a result, I(Γ 234 ) = 0. Moreover, (a(σ)) ν (ν > 0) on the contour Γ 4 decreases with growing R, and therefore this contribution vanishes as R → ∞. Consequently, we finally obtain
The above equivalence not withstanding, there is a crucial advantage of the FAPT approach with respect to CIPT. In fact, as long as one is only interested in a numerical estimate, CIPT provides acceptable results for several typical processes. However, if one pretends to employ analytic expressions, and thereby to control each step of the calculation, CIPT is not sufficient. In that case, one needs another perturbative scheme that is able to yield explicit expressions for the couplings along each column in Table I . Such a scheme is naturally provided by (F)APT. Moreover, we shall show below that this scheme can even admit the resummation over columns [29] . This is an important feature, given that the conventional perturbative series in Eq. (1) cannot amount to a unique, i.e., resummationmethod-independent, result owing to the asymptotic nature of the power series.
III. RESUMMATION IN (F)APT IN THE ONE-LOOP ORDER
In this section, we consider different sorts of perturbation-series expansions of typical physical quantities, like the Adler function, D[L]. Our goal is to perform the summation of such expansions under the imposition of a couple of basic constraints. As we will show in a moment, these constraints are (i) a recurrence relation for higher-order couplings and (ii) the nonpower character of the series. These considerations will be based on an appropriate generating function for the expansion coefficients.
In what follows we discuss in detail the one-loop running case. However, also the technically more complicated two-loop running case is worked out and the corresponding expressions are provided in Appendix D.
A. Generating function for the series expansion

At the one-loop level [22], we have
The resummation of this series is on the focus of the present work. For this purpose, it is useful to introduce a generating function P (t) for the series expansion and writẽ
We will show in the next step how to use this generating function in order to resum nonpower series expansions (both in the Euclidean and the Minkowski region). But first recall that the standard coupling a n of perturbative QCD, as well as the couplings A n , A n -together with the spectral density ρ n -satisfy a one-loop renormalization-group equation that can be recast in the form of a recurrence relation [41] :
Here
. Substituting Eqs. (28) and (29) into the perturbative-series expansion, i.e., into Eq. (27), one obtains [28] in analogy to the previous equation,
where S = D APT or R APT -depending on the choice of the analytic couplings F = A or F = A, respectively. In the above equation, and in the considerations to follow, we use the abbreviated notation
As long as we have not proved that summation and integration can be interchanged, this representation has only a formal meaning. Note, however, that the integration over the Taylor-series expansion of the term a[L − t] in the integrand reproduces the initial series for any partial sum. The integrand in the standard case of the QCD running coupling (first line in Eq. (30)) faces a pole singularity (termed the infrared renormalon singularity) and is, therefore, ill-defined. In contrast, the integral in the second entry in Eq. (30) has a rigorous meaning by virtue of the finiteness of (27) is not accompanied by unity (a 0 ), but by some other fractional power ν of the coupling (a ν ), then, as it has been shown in [27, 29] , the resummation method (30) has to be modified to read
where now the generating function P ν depends also on ν. This quantity can be deduced from P as follows:
Here Φ ν (x) = νx ν−1 , so that lim ν→0 Φ ν → δ(x), and therefore lim ν→0 P ν (t) = P (t). The last step completes the generalization of the original APT resummation procedure of [28] to the case of FAPT.
B. Modeling the expansion coefficients and their generating function
For most relevant QCD processes, only the first few coefficients d n are known, while the computation of higher-order coefficients is technically a highly complicated task. This is despite the impressing development of sophisticated algorithms during the last few years [32-34, 43, 44] . In view of this, it is extremely useful to have alternative methods for calculating the higher-order coefficients, let alone to resum the whole series-even if the result represents a sort of approximation-provided the quality of the applied method is high and the inherent uncertainties entailed can be kept under control. On the other hand, the asymptotic form of the coefficientsd n can be predicted from
a form that is inspired by Lipatov's asymptotic expression in Ref. [31] (see also [45] , and [46] for a review), and where γ < 1 and c are numerical coefficients. One anticipates that the large-order behavior of the expansion coefficients translates into the asymptotic form of the generating function P (t).
To proceed, we have to construct first a model for the expansion coefficientsd n =d n /d 1 , having recourse to the information about the first few fixed-order coefficients. The second step is to interpolate between the obtained result and the expression for the tail obtained for d(n) from (34) at asymptotically large orders n. For a fixed-sign series we adopt the model (note the normalizationd
where the parameters A i , γ i , and c are determined from the values of the first few known coefficientsd n . We mention incidentally that the case of an alternating-sign series has been considered in [28] and will not be addressed here. As regards the most general case of the series, the behavior ofd model n with respect to n turns out to be the same as what is obtained in the renormalon approach (that is usually supplied with the Naive Non-Abelization (NNA) [47] ), see, e.g., [48] -except perhaps for the specific values of the parameters which are different. Modeling the expansion coefficients according to Eq. (35), leads to the following generating function P (t):
Using the first already known coefficients, we can calibrate our model in order to extract information about still higher and unknown orders, as well as to gain information on the resumed behavior of the whole series. It should be emphasized that for large values of the argument t, our model for P (t) can become rather crude. This, however, does not significantly change the final result of the summation due to the convergence of the integral in Eq. (31) . For this reason, it is not necessary to know the asymptotic behavior of P model (t) very accurately. All said, let us now consider concrete examples to understand the modus operandi and the benefits of this technology.
IV. MASTER EXAMPLE: HIGGS-BOSON DECAY INTO Abb PAIR
Our goal in this section is the calculation of the width of the Higgs-boson decay into abb pair, i.e.,
and M H are the pole mass of the b-quark and the mass of the Higgs boson, respectively, and
Our interest in this quantity derives from the fact that this process contains all main ingredients for such high-order calculations, discussed above, with known coefficients up to the order O(α 
where Q 2 = −q 2 . Direct multi-loop calculations are usually performed in the far Euclidean (spacelike) region for the corresponding Adler function D S [32, 40, 49, 50] , where QCD perturbation theory works reliably. Hence, we write
A. Generating function for the scalar correlator and estimates for higher-order coefficients
The Adler function, related to the scalar correlator (see [22, 32] ) and pertaining to the Higgs-boson decay, reads
Note that here the definition of the coefficientsd n is given byd n = d n /d 1 . The n-dependence of the coefficientsd n , in accordance with expression (35), can be simulated by the following two-parameter modeld
a form which ensures thatd H 1 (the superscript H denoting "Higgs") is automatically equal to unity. Concurrently, these coefficients can be reproduced by the following generating function:
To test these formulae, we use the two known coefficientsd 2 andd 3 for this process and plug them into model (40a) aiming to predict the next two coefficientsd [32] . This procedure can be geared up to predict the next coefficientd 5 . Indeed, taking into account the coefficientd 4 and slightly readjusting the parameters c and δ of our model (40b) from their previous values {c = 2.5, δ = −0.48} to {c = 2.4, δ = −0.52}, we find (third row in Table  III )d 5 ≈ 7826. This result agrees very well with the value 7782, derived in [36] by appealing to the Principle of Minimal Sensitivity (PMS). Moreover, it has a reasonable agreement with our previous models (rows 3 and 4 in Table III ) and also with the improved NNA (INNA) prediction shown in row 7, while the original NNA prediction (value given in row 6) fails. We may conclude that our model calculation of the coefficient d 5 is congruent with the prediction following from the application of the PMS method. Both these approaches provide results for most coefficients d n approximately twice larger than those found by applying the INNA approximation.
B. Higgs-boson decay width in FAPT
Within the one-loop approximation of FAPT, the quantity R S (M 2 H ) has the following non-power series expansion:
4 The appearance in the denominators of the factors π n in tandem with the coefficientsd n is a consequence of the particular d n normalization-see Eq. (39). 
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(1) is the renormalization-group invariant mass satisfying the one-loopm
with ν 0 = 2γ 0 /b 0 (5) = 1.04, where γ 0 is the quark-mass anomalous dimension, and the renormalization-group invariant quantitym (1) is defined through the effective RG mass
. It is worth recalling that Eq. (41) in the one-loop running of the coupling coincides with the result obtained in [50] for R S using CIPT.
The key question now is to which extent FAPT is able to reproduce with a sufficient quality the whole sum of the series expansion of R 
with P ν 0 (t) (defined via Eq. (33)) and where we have evaluated Eq. (40) 
at order N and estimate the relative errors
To this end, we use the values of the RG-invariant massesm (1) in the one-loop approximation, In Fig. 4 we show the relative errors, given by (45) , for N = 2, N = 3, and N = 4 in the probed range of L ∈ [11.7, 13.6]. We see that already Γ . This means that, on practical grounds, there is no need to calculate further corrections, because in order to be correct at the level of 1%, it is actually sufficient to take into account only the first three coefficients up tod 3 . This conclusion does not change if we vary the parameters of the model P H (t). To be more precise, varying the coefficientsd i in a reasonable range-in correspondence to their order, say, about 5% ford 2 up to 30% ford 5 -we induce changes of the parameter c on the level of about 5% which leave the main results (and conclusions) unchanged. By the same token, we can conclude that the quality of the convergence of the considered series in FAPT is quite high with a tolerance of only a few percent. Let us now expand our statements about the uncertainties of our results with regard to the model generating function P (t). To this end, we deform our original model with c = 2.43 and δ = −0.52 in order to enhance or reduce the magnitude of the last known coefficientd 4 and the value of the still uncalculated coefficientd 5 (for details see Table IV ). The results of this variation are shown in the left panel of Fig. 5 in the form of a strip, the upper boundary of which is formed by the enhanced version of the P (t) model, whereas the lower boundary of the strip corresponds to the "reduced" version of the model. We see that the uncertainty caused by this deformation is less than 0.5%. Table IV and also the massm (1) with δm (1) = ±0.1 GeV. In both panels the upper strip corresponds to the Penin-Steinhauser estimatem (1) = 8.53 GeV [54] , whereas the lower one derives from the valuem (1) = 8.21 GeV determined by Kühn and Steinhauser in Ref. [53] . Here and also in Fig. 6 we indicated on the abscissa the window of the mass values of the Higgs-boson still accessible to experiment. Here we resort only to graphical illustrations of our results. In the left panel of Fig. 6 , we discuss the convergence properties of the decay widths, truncated at the order N, relative to the resummed two-loop result Γ In Fig. 6 we show all two-loop quantities adopting for the RG-effective b-quark mass the result obtained by Penin and Steinhauser in Ref. [54] . The relative difference between these two choices is of the order of 4%, so that squared masses differ by 7%. This means that the corresponding curves for the Kühn conclude that the real theoretical uncertainty of the Higgs-boson width in this decay channel is de facto determined by the upper boundary of the Penin-Steinhauser estimate [54] , with the lower boundary of the Kühn-Steinhauser [53] being in the range of 6% (6=(5+7)/2).
V. ADLER FUNCTION OF THE VECTOR CORRELATOR AND R e + e − → hadrons
So far, we have discussed only the Adler function related to the scalar correlator. But this sort of considerations can be applied to the vector correlator as well. To be specific, we are interested in modeling the generating function of the perturbative coefficientsd n (see the first row in Table I ) of the Adler function of the vector correlator (labeled below by the symbol V) [33, 34] 
To account for the n-dependence of the coefficientsd n , in accordance with the asymptotic model of (34), we writed
which can be derived from the generating function
Our predictions, obtained with this generating function by fitting the two known coefficients d 2 andd 3 and using the model (47) , have been included in Table V . 5 We observe a good agree- [33, 34] . Would we use instead a fitting procedure, which would take into account the fourth-order coefficientd 4 in order to predictd 5 , we would have to readjust the model parameters in (47) to the new values {c = 3.5548, δ = 1.32448} → {c = 3.5526, δ = 1.32453}. These findings provide evident support for our model evaluation, and we may expect that our procedure will work in other cases as well.
In order to explore to what extent the exact knowledge of the higher-order coefficients d n is important, we employed our model (47) with different values of the parameters c and δ: c = 3.63 and δ = 1.3231. These values are, roughly speaking, tantamount to replacing the exact value of the coefficientd 4 = 27.4 by something approximately equal to the NNA prediction obtained in [48, 52] . The difference between the analytic sums of the two models in the region corresponding to N f = 4 is indeed very small, reaching just a mere 0.2%. Then, we have
while the global-APT resummation result for D
APT V
[L] is given in Appendix B by Eq. (B2b). The relative errors This means that there is no real need to calculate further corrections. Staying at the level of being correct to a better accuracy than 1%, it is virtually enough to take into account only the terms up to d 2 . This conclusion is quite robust against the variation of the parameters of the model P V (t). The main outcome here may look somewhat surprising: In fact, the best order of truncation of the FAPT series in the region Q 2 = 2 − 20 GeV 2 is reached by employing the N 2 LO approximation, i.e., by keeping just the d 2 -term.
VI. CONCLUSIONS
In this work we have given considered in detail relations among popular perturbative approaches: FOPT, CIPT, and FAPT. We proved that in the Minkowski region both CIPT and FAPT produce for the R-ratios which are related to the corresponding Adler functionssee Eqs. (22)- (24)-the same results. These results do not coincide-for any fixed order of the perturbative expansion-with those obtained with FOPT.
We also considered in detail the resummation properties of non-power-series expansions within FAPT. In particular, we have given analysis of the Adler function of a scalar, D S , and a vector, D V , correlator presenting results at the two-loop running of the coupling. Using a particular generating function for the coefficients of the perturbative expansion, which embodies information about their asymptotic behavior, we derived results for the whole series by resumming it. We used this key feature of the non-power-series expansion within FAPT in order to reduce the theoretical uncertainties in obtaining estimates for crucial observables, like the decay width of the Higgs boson into a bb pair, relevant for the Higgs search at the Tevatron and the LHC (Sec. IV).
Employing an appropriate generating function, we estimated the values of the coefficients d H 4 andd H 5 and found that they are close to those computed by other groups using different perturbative methods. Moreover, we were able to resum the whole series and extract reliable predictions for the width Γ H→bb in terms of the Higgs-boson mass in comparison with analogous estimates at fixed orders N = 1, 2, 3 of the perturbative expansion. This allowed us to gauge the accuracy of the truncation procedure of the FAPT expansion, estimating the relative errors for N = 2, 3, 4. We found that the convergence of the FAPT non-power-series expansion involves uncertainties at the level of only a few percent. A cautious conclusion from this is that the reached accuracy of the order of 1% at the truncation level of N 3 LO is comparable with, or even slightly better than, the 2% uncertainty involved in the m b (m [53] , can be obtained by reducing the previous results by an overall factor of about 7%. On the experimental side, one should keep in mind that the decay mode H → bb is very challenging, but due to be measured by the ATLAS Collaboration at LHC [56] .
In Sec. V we turned our attention to the Adler function, related to a vector correlator, in order to perform the FAPT resummation in the same manner as we did for the Higgs-bosondecay width. We used the generating function (47b) which depends on two parameters. To validate the robustness of our predictions, we varied the values of these parameters and found that this variation exerts only a small effect on the predicted value ofd 5 and on the resummation result. It turns out that for a fixed number of flavors N f = 4, the obtained results are within the limits set by the INNA method, being, however, incompatible with both the NNA prediction of [48, 52] and also the FAC one [36, 43] . We also estimated the influence of heavy-quark thresholds crossing in Appendix B.
Bottom line: We provided evidence in terms of two concrete examples that FAPT can provide accurate and robust estimates for relevant observables that are otherwise inaccessible by FOPT or CIPT. Moreover, using the suggested resummation approach within FAPT, we could optimize the truncation of the perturbative non-power-series expansion, thus minimizing the truncation uncertainty. In this Appendix we derive expression (6) basing our reasoning on the useful relations between R (LHS) and D (RHS)
worked out in [50] . Equation (A1b) can be rewritten in the form of a dispersion relation between two specific quantitiesR andD to read
From this equation we deduce the following correspondence between the termsR (LHS) and
The powers of ln(
2 ). To demonstrate how this happens, we take 2k times derivatives with respect to the variable πδ on both sides of Eq. (A3) and set δ = 0. Then, we obtain a new relation betweenD andR, given bỹ
where the ellipsis on the RHS indicates that the terms with the powers of ln(s/µ 2 ) in R should, ultimately, disappear upon setting s = µ 2 , because only the even powers will survive. This can be traced back to the fact that the (ln(Q 2 /µ 2 )) m terms in D originate from the expansion of the RHS of equation
−n that leads to the expression
Finally, substituting relation (A4) into the expansion entering Eq. (A5), one arrives at Eq.
d n a n s → d n a n s k=0
Then, as was shown in [27, 29] , we have for
where λ f ≡ ln(Λ 
In the Euclidean domain, the corrections ∆ f [L, t] P to the naive expectation formula are defined by
In contrast to the Minkowski case, they explicitly depend on L.
Consider now the extension of these summation techniques to global FAPT, i.e., when one takes into account heavy-quark thresholds. To be more precise, we will deal with the summation of the following series:
Note that due to the different relative normalization of
, the coefficientsd n in Eqs. (27) and (B5) are also different. In order to obtain a generalization of the resummation procedure, given by Eq. (32), we propose to apply it to the spectral densities ρ 
. Moreover, the coefficients d n (n − 1), related to the vector correlator, and the sum rules pertaining to deep-inelastic scattering were obtained for any n in [48, 52] , respectively.
The determination of the remaining underlined elements in Eqs. (C1)-(C3) is a difficult task that has been partially carried out in [28] 
Surprisingly, this rough approximation leads to reasonable results for the coefficients d n (especially when compared with those found with the NNA method), as one can see from the entries dubbed "INNA" in Tables I, III 
with their values being given in Tables III and V . This kind of approximation is based upon the condition (C5) and is in line with the underlying assumptions of the original NNA procedure.
Appendix D: Two-loop results
Recurrence relations
The expansion of the β-function in the two-loop approximation is given by
where L = ln(µ 2 /Λ 2 ) and
with C F = (N 
Still higher beta-function coefficients, e.g., b 2 , b 3 , can be found in [28, 59] . This equation immediately generates the following recurrence relation
for consecutive powers of the coupling constant. Due to its linearity, this relation remains valid also for the analytic images of the coupling's powers:
where, as it has already been used in Sec. III, F [L] denotes one of the analytic quantities
. Quite analogously, we obtain the following generalization of this relation, pertaining to fractional coupling-constant indices, viz.,
In the two-loop approximation we have a different evolution for the running mass, which readsm
andm (2) is the renormalization-group-invariant mass.
Resummation in FAPT for fixed N f
Consider here the following power series with ν ≥ 0:
noting that for ν = 0 we would obtain the corresponding two-loop APT expression. Multiplying both sides of Eq. (D4c) with t n+ν and summing over n from n = 1 to ∞, we arrive at
wherep ≡ d/dL. Differentiating this equation with respect to t, we obtain
. In order to solve this equation, we consider the following function
Our initial series W[L; t; F ] is related to this function by the evident relation
Hence, we find
Finally, using the substitution
we get
can be represented by means of the analytic couplings F 1+ν [L] and F 2+ν [L] . Setting ν = 0, we obtain the corresponding two-loop APT expression
Hence, the sum expressed via equations like (32) can be recast in convolution form to read
On the other hand, for the APT case with ν = 0, expressions like (27) can be rewritten as
Quite analogously it is possible to resum also the following expression 
Using the exact derivative expression
] dL 6 Here we set S = D FAPT or R FAPT depending on the specific choice of F = A glob or F = A glob .
and integrating by parts we can rewrite (D17) in a more convenient way to read 
Resummation in global FAPT
The formalism developed in the text and the previous appendices can be applied to the global case using spectral densities, which correspond to a fixed number of active flavors N f , and are defined in the integration intervals
and L = L σ , we can first perform the resummation before carrying out the spectral integration over L σ .
Let us study these operations in some more detail within the Euclidean FAPT. In that case, the global spectral density ρ glob n+ν (σ) has the form specified in Eq. (B1). It can be rewritten in an equivalent way to read
where we used L 3 = −∞ and L 7 = +∞. Then, we have for the sum of the global power series (in t) the following expression
in which the following abbreviation was used:
We see that this series has the form of Eq. (D7) and is equal to
where the last argument ρ (2) of W ν means that everywhere in Eq. (D12) one should substitute (2) [L]. Hence, the initial sum
can be resummed in the following final form
Appendix E: Pole and RG-invariant masses of the bottom quark
We start our considerations by writing down the relation [60, 61] between the pole mass of the b quark, m b , on one hand, and the value of the running mass at the scale µ * = m b (µ The QCD scales are fixed via the normalization of the strong coupling in the corresponding one-or two-loop approximation at the Z-pole, employing the condition R e + e − →hadrons (α s (m [54] . For the sake of 7 We wish to thank A. Kataev for attracting our attention to this point.
